208 Pb α decay is a dominating decay mode, and in the search of new superheavy elements one often observes chains of α decays.
I. INTRODUCTION
Superheavy elements (SHE) can be formed in heavyion fusion reactions, and typically α decay in several steps, see e.g. [1] . In a recent experiment [2] it has been possible to measure the emitted α particles in coincidence with γ radiation. This opens up possibilities to identify SHE through x rays, as well as to obtain detailed spectroscopic information. Such detailed nuclear structure experiments call for an accurate theoretical description that simultaneously provides a good prediction of both the structure of superheavy nuclei and the α-decay lifetimes. A good starting point is then to consider a microscopic model based on interacting nucleons where both the structure and the reaction parts can be treated on the same footing.
Calculations of α decay can be carried out at various levels of sophistication. Currently, most microscopic approaches are based on either microscopic-macroscopic models employing Woods-Saxon potentials combined with BCS pairing, or for some particular nuclei (e.g.,
212
Po) using shell-model approaches where a few valence particles are allowed to interact via effective model-space interactions, see, e.g., Refs. [3, 4] .
In this work, the structure model is based on modern and well-tested effective Skyrme interactions which allow for microscopic descriptions of nuclear properties throughout the nuclear chart. Wave functions of mother and daughter nuclei are obtained self-consistently using the Hartree-Fock-Bogoliubov (HFB) method and correlations are modeled using a density dependent zero-ranged pairing interaction. Taking the Skyrme interaction as a starting point allows different levels of correlations, that * daniel.ward@matfys.lth.se are particularly important to describe the α-particle formation, to be subsequently included e.g. using the approach of [5] .
A microscopic description of the α decay is obtained through the R-matrix approach [3, 4, 6] where the calculated wave functions of the mother and daughter nuclei are used to project out a formation amplitude for the α particle. Beyond the range of nuclear forces this amplitude is matched to the asymptotic Coulomb solution from which the flow of emitted α particles can be determined.
The method is quite general and can be applied to even-even as well as to odd nuclei [7] . Especially for odd nuclei it is important to have a reliable microscopic model to be able to predict the large variations in the half-lives for decays to different excited states. In this first study, we test the method for the description of α-decaying heavy, spherical even-even nuclei.
The paper is organized as follows. In Sec. II the theoretical formalism is described. We give the details of the nuclear structure model and review and discuss the treatment of α decay in the R-matrix approach. In Sec. III we investigate the convergence of the calculated formation amplitude, and its dependence on the parameters of the mean field and pairing force. Calculated α widths are compared to available experimental data on heavy near-spherical nuclei in Sec. IV, where the model also is applied to make predictions for α decay of the SHE near the predicted shell closures at N = 184, Z = 114 and 126. The results are discussed in Sec. V where in particular possible shortcomings and improvements of the model are considered. Finally, in Sec. VI we conclude and summarize the results.
II. FORMALISM
In this section the formalism for our theoretical description of α decay is discussed. The ingredients of the nuclear structure model are provided in Sec. II A. An overview of the theoretical treatment of the α decay is given in Sec. II B, and in Sec. II C we describe how the formation amplitude is obtained.
A. Nuclear structure model
The ground states of the mother and daughter nuclei are described using the Hartree-Fock-Bogoliubov (HFB) method with an effective Skyrme interaction in the particle-hole channel [8] . The HFB equations are solved using an extended version of the program hosphe (v1.02) [9] . This code works with a spherical harmonic oscillator basis and can handle large basis sizes where the maximum oscillator shell included can be as high as N max = 70. A large basis size is essential in order to obtain convergence for the α-particle formation amplitudes.
For the pairing a density-dependent zero-range δ interaction [10] combined with an energy truncation, e e.s. cut , in the equivalent spectra [11] is adopted. The pairing interaction is parametrized by
where ρ c = 0.16 fm −3 is the saturation density of nuclear matter and β is a parameter determining the density dependence. In the case of so called surface pairing, i.e., β = 1, the pairing energy density gets its main contribution from the surface region. A density independent pairing is obtained when β = 0 in which case the main contribution comes from the nuclear interior. Pairing is treated both using the HFB approach and with an approximate version of the Lipkin-Nogami (LN) method [11] . The LN method provides an approximate particlenumber restoration that gives more realistic pairing solutions and avoids the collapse of the pairing for magic nuclei obtained with the HFB method.
The proton pairing strength, V p , is tuned so that the theoretical odd-even mass difference, ∆ th p (N, Z), agrees with the experimental three-point gap centered on the odd nucleus,
To have a simple recipe we approximate ∆ th p (N, Z) by the lowest quasiparticle energy E min p calculated for the even-even nucleus Z X N . The same prescription is used for the neutron pairing strength, V n .
B. Decay treatment
α decay is treated microscopically using the same Rmatrix-based approach that was used in Refs. [12] [13] [14] and reviewed in Ref. [3] . An important feature of α decay is the tunneling through the long-range Coulomb potential between the daughter nucleus and α particle. When the α particle is far away from the daughter nucleus with Z D protons, their relative motion is described by an outgoing Coulomb wave function,
where E is the resonance energy, L the angular momentum, F and G the regular and irregular Coulomb wave functions [15] , κ = √ 2µE and η = 2ZD µe 2 2 κ , where µ is the reduced mass. In the R-matrix approach the system is divided into inner and outer regions. The solution for the relative motion in the inner region is matched to this outgoing Coulomb wave function at a matching radius, r c . For the spherical case, the absolute width, Γ, of the α-decay with energy Q α , is given by
where γ L is the reduced width,
that depends on the formation amplitude, g L (r c ). The formation amplitude describes the relative α-daughter motion, and is obtained from the overlap of the mother nucleus with an α-particle and daughter nucleus separated by the distance r c . P L is the Coulomb penetrability factor,
where
. Both factors entering Eq. (4) depend on the matching radius, r c . However, in an exact treatment these dependencies cancel and in the region where nuclear forces can be neglected Γ becomes constant. This constant value of the decay width is related to the half-life, T 1/2 , through the usual formula Γ = ln 2/T 1/2 .
The difference compared to earlier works is that we here obtain the wave functions for the mother and daughter nuclei entering in the formation amplitude using the Skyrme-HFB model employing a large harmonicoscillator basis. To emphasize some of the approximations in the treatment, we will briefly discuss the main features of the so called BCS approach to α decay [3] . One can arrive to the formula (4) using either the Gamow state [16, 17] , or the R-matrix formalism [6, 18] . A discussion on the difference between the two approaches, when applied to proton decay, can be found in [19] . The main steps of the derivation are presented below from a similar perspective as in [20, 21] .
We describe the mother nucleus, (M ), as an exponentially decaying Gamow state [16] 
where I and M are the spin and spin projection of the mother nucleus, respectively. The Jacobi coordinate system ξ D , ξ α , r αD corresponds to internal coordinates of the daughter nucleus and the α-particle, and a vector between their centers of mass. E M and −Γ/2 are the real and imaginary parts of the complex energy of the Gamow state [22] . The state is normalized at t = 0 within some finite volume V :
To find the rate of emitted α particles, one can start by approximating the mother nucleus as a combined state of daughter, (D), and valence particles, (v), from which the α particle is formed (see Appendix),
where the operator A Dv [3] exchanges coordinates between the two parts in order to make the state fully antisymmetric.
For large distances between the α particle and the daughter nucleus, r αD , the components of the mother nucleus that contribute to the α-decay width are assumed to be described by the daughter nucleus wave function,
JMJ (ξ D ), the spin zero intrinsic wave function of the α particle, Φ 
The formation amplitude, g L (r αD ), is defined as the overlap between the mother nucleus wave function, Ψ (M) IM , and the intrinsic and angular parts of expression (10) . With the approximation in Eq. (9), the formation amplitude can be expressed as
In this expression we have neglected the exchange between the α particle and the daughter nucleus. This is a valid approximation if the orbitals the α particle is expanded in are orthogonal to the orbitals of the daughter nucleus. Clearly this is not fulfilled in general but is a good approximation when the α particle is sufficiently far away from the daughter nucleus. In this work we furthermore restrict ourselves to decay from ground states in spherical nuclei where mother and daughter nuclei both have spin zero, J = 0 and I = 0. This leads to the simpler form of the formation amplitude,
The method of finding the wave functions entering this expression, further discussed below, involves an expansion in terms of harmonic oscillator basis functions. This implicitly imposes boundary conditions that the wave function goes to zero for large radii which is in principle incorrect. A Gamow state should instead have outgoing waves as boundary conditions. However, since the α particle has to penetrate a wide and high Coulomb barrier we can assume [3] that the harmonic oscillator basis can provide a good approximation inside the barrier, and use a matching condition to impose a tail with the correct asymptotic behavior.
For large distances, r αD , beyond the range of nuclear forces, the formation amplitude should behave as an outgoing Coulomb wave, see Eq. (3),
This expression is valid both inside and beyond the Coulomb barrier. The imaginary part of the energy causes the amplitude of O 0 to increase with r αD . Since Γ, related to the decay rate, is very small, this increase of the amplitude may be neglected inside the barrier. Neglecting the small Γ, the formation amplitude, Eq. (12), is matched to the external solution, Eq. (13), at the matching radius r αD = r c , giving the total formation amplitude,
where θ are Heaviside functions. The constant C in Eq. (13) is determined by requiring g 0 (r c ) = g ext 0 (r c ),
From the continuity equation, one can obtain the socalled current expression [17, 19] . It relates the width Γ to the probability flow, j 0 , at t = 0 through a surface at r αD = r 0 . Choosing r 0 to correspond to the volume used for the normalization in Eq. (8) gives
where we have assumed that α decay is the only decay channel contributing to the probability flow. Since we neglect the complex part of the energy the flow through two different spheres that both enclose the origin is equal, and one may for simplicity evaluate the flow j 0 (r) in the r → ∞ limit. Inserting the asymptotic form of O 0 (Q α , r) for large r [15] in Eq. (16) gives
Combining Eqs. (15), (16) and (17) we recover formula (4),
C. Formation amplitude
We use the standard coordinate system, (R α , ξ α ), with ξ α = (r π , r ν , r α ), where [4] :
and
Here r 1 , r 2 are the coordinates for the valence protons, and r 3 , r 4 for the valence neutrons. The Jacobian for the
To preserve translational invariance, the valence wave function Φ (v) 00 (ξ α , r αD ) entering in Eq. (12) should describe the motion of the valence particles relative to the daughter. From the nuclear structure model we obtain shell model type wave functions, which are localized in a laboratory coordinate system, and we approximate the formation amplitude, (12) , by
where R = R α /2 is the center-of-mass coordinate of the α particle, andΦ
is the valence nucleon wave function of the localized mother nucleus, discussed in the Appendix. The approximation in Eq. (20) consists of making the substitution r αD → R and using a localized valence nucleon wave function. This approximation is justified when the daughter nucleus is heavy relative to the α particle, and the center of mass parts of the laboratory system wave functions for mother and daughter nuclei are well localized [23] . The factor of √ 8 arises to preserve the normalization of the valence nucleon wave function, when expressed in the coordinate R [24] , as can be seen from
For the intrinsic α-particle wave function Φ (α) 00 (ξ α ), we use the standard approximation [4] ,
where χ Inserting the approximate valence nucleon wave function, Eq. (A.10), transformed to relative and total coordinates [25] , and the α-particle wave function, Eq. (22) into Eq. (20) gives the final expression for the formation amplitude
whereĵ = √ 2j + 1 and
nl (r) is here the radial part of a spherical oscillator wave function with n nodes and angular momentum l, and b denotes the oscillator length used for the basis. 
III. DEPENDENCE ON MEAN FIELD AND PAIRING FORCE
In this section we investigate the dependence of the formation amplitude on the mean field and pairing force. In Sec. III A we check that the dimension of the oscillator basis is sufficient to obtain correct density at large radii, and that the α-particle formation amplitude converges. The sensitivity of the formation amplitude to the type of Skyrme force used is studied in Sec. III B, the role of approximate particle number correction in the HFB solution is considered in Sec. III C, and the role of surface or volume pairing in Sec. III D.
A. Convergence of the formation amplitude
To have confidence in the numerical results, one must make sure that the obtained formation amplitude does not depend on the size of the oscillator basis. The formation amplitude must also be converged for large separations of α particle and daughter nucleus, so that nuclear forces between the clusters can be neglected.
This implies several criteria that should be fulfilled for the numerical calculation, the most obvious being a sufficient accuracy for the tails of the nuclear wave functions. To satisfy the condition of vanishing nuclear forces between the clusters, the tails should be accurately calculated to a distance at least as large as the distance where the nuclear mean field acting on the valence nucleons becomes negligible.
At the HFB level of approximation the nuclear interactions give rise to density dependent fields. The local mean fields V (r) [26] for protons and neutrons of double magic lead are shown in Fig. 1 . They were obtained from a converged solution of the HFB equations using the code hfbrad [27] with the SLy4 Skyrme interaction. The densities from this code are obtained by solving the HFB- equations in r-space in a large box, that give converged results out to very large radii. It is seen that for r ≥ 10 fm the neutron and proton nuclear fields are close to zero, and only the Coulomb potential contributes. Thus the condition of vanishing nuclear forces should be approximately satisfied at α-daughter separations larger than 10 fm.
To investigate what size of the spherical oscillator basis is needed for such wave functions, the neutron and proton densities from using different number of major oscillator shells are shown in Fig. 2 , where also the results from hfbrad are shown. Including oscillator shells up to N max = 20 gives converged densities out to around 10 fm. It is seen how each increase of the oscillator size by ten units (N max = 30, 40 , . . . ) increases the convergence radius by an additional 1-2 fm. Similar trends are found for the pairing density. We find that HFB calculations for
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Po give converged pairing density at r = 10 fm when N max ≥ 20.
The effect of the cutoff in the paring calculation was tested using cut-off energies e ter wave functions are obtained from the SLy4 HFB+LN prescription, and the experimental Q α value [28] is used in the decay width expression, Eq. (4). As can be seen in Fig. 3 the results converge to larger distances as the basis size is gradually increased from N max = 10 to N max = 35. For N max = 15 the results are converged to around 9 fm, while for the largest basis to around 13 fm. By using a basis with N max ≥ 25 a converged formation amplitude is obtained for separations beyond the range of inter-cluster nuclear forces. To avoid numerical errors N max = 30 will be used throughout.
B. Skyrme force parameters
Several fits of Skyrme force parameters exist that give reasonable results for ground-state observables such as binding energy and rms-radii [8] . The impact on the microscopic decay width from the use of different Skyrme forces was tested employing volume pairing with the LN method. For each Skyrme force the pairing strength was refitted. The decay width for 212 Po using SLy4, SKM* and SKX interactions are shown in Fig. 4 . The results show a negligible difference between SLy4 and SKM*, while for SKX the decay width is a factor 3.7 smaller at r = 9 fm. In general, the results are quite insensitive to the details of the effective particle-hole interaction, and the SLy4 effective interaction will be used throughout this paper.
C. Particle number correction
Approximate particle number projection with the LN procedure allows pairing solutions also when there is a large gap around the Fermi level in the single-particle spectrum. As discussed below, pairing correlations have a dramatic effect on the decay widths [3] . Avoiding a collapse of the pairing for magic and semimagic nuclei the formation amplitude increases considerably. This is Po has a simple structure with two protons and two neutrons outside a core of doubly magic lead it is often used to test microscopic α-decay theories. The experimental decay width for the g.s. to g.s. α decay of this nucleus is Γ exp = 1.53 × 10
−15
MeV [28] . The converged R-matrix decay width shown in Fig. 3 is a factor 2.4×10 −4 smaller than the experimental value at the stationary point around r = 8 fm. The down-sloping function Γ(r) for larger r also shows that inside the Coulomb barrier the calculated formation amplitude has a slope corresponding to an α particle that is considerably more bound to the daughter than observed experimentally.
Including a density dependence in the effective pairing interaction allows for a description where the pairing correlations in the surface of the nucleus is increased, and the correlations in the nuclear interior is decreased. To see to what extent an increased pairing in the surface region might favor the formation of α particles, the decay width of
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Po was calculated assuming different density dependencies of the pairing. To get consistent results the pairing strengths are refitted in each case.
The density dependence is determined by the parameter β in Eq. (1), where β = 0 gives volume pairing and β = 1 amounts to surface pairing. The decay widths obtained from these two choices are shown in Fig. 6 . One notices that the width increases by almost one order of magnitude when surface pairing is used instead of volume pairing. The negative slope of the decay width is also reduced, indicating that the slope of the formation amplitude follows the slope of the outgoing Coulomb wave function slightly better. This corresponds to a formed α particle that is slightly less bound to the daughter nucleus, as compared to when volume pairing is used. The effect is however not sufficient to give an α-particle amplitude reproducing experimental data.
Additional clustering in the surface can be introduced by formally setting β > 1. This corresponds to a force which is repulsive in the nuclear interior, and strongly attractive in the surface. It is included as an extreme case; in fact, fits of ground-state properties suggest that the density dependence of the effective pairing force should be 0 ≤ β ≤ 0.5 [29] . Figure 6 shows that setting β = 1.3 gives an additional increase of the decay width, as compared to the case of β = 1, although it is still well below the experimental value.
To test the limits of the pairing force in providing α clustering, we also show in Fig. 6 (dashed lines) results of a calculation where the pairing strengths are increased to produce a gap twice as large as the experimental pairing gap, ∆ th = 2∆ exp . It is seen that even in this extreme case the pairing force is unable to provide a sufficiently large decay width. Figure 7 shows the formation amplitudes, Rg 0 (R), Eq. (20), for β = 0, 1, and 1.3. Also shown are results from calculations with negligible pairing, equivalent to solving the Hartree-Fock equations, denoted by HF. As can be seen in the figure, the correlations induced by the pairing greatly increase the formation amplitude compared to the HF results. At r = 9.0 fm for the case β = 0 the increase is a factor 16.8, corresponding to a factor 281 larger decay width.
The modulus of the outgoing Coulomb wave function for the external region, Rg ext 0 (Q exp α , R) = CO 0 (R), Eq. (13), fitted to the β = 0 formation amplitude at the matching radius r c = 9 fm is shown by the dashed line. This outgoing Coulomb wave function is not a valid solution in the interior of the nucleus, and increases rapidly with decreasing radius. Examining the tails of the formation amplitude and the Coulomb wave function, which are too small to be visible in Fig. 7 , we note that the formation amplitude decreases more rapidly as a function of R, which is the reason why we do not obtain a flat plateau for Γ(r c ) in Fig. 6 .
Using Eq. (18) we can find the external wave function which would perfectly reproduce experiment. This gives Rg
, and is shown by the dot-dashed line in Fig. 7 . Comparing the two external wave functions, one notes that to obtain a plateau for Γ(r t ) with value Γ exp the microscopic formation amplitudes should be pushed out further beyond the nuclear surface, and the slope of the tails should be slightly reduced.
IV. REDUCED WIDTHS COMPARED WITH EXPERIMENT
Even though the model does not produce the right slope and magnitude of the tail, the formation amplitude depends on the amount of structural overlap of the mother nucleus with the α-daughter configuration. To be able to reasonably calculate the decay width, some approximate prescription must be adopted. From the discussion above we see that the formation amplitude in the nuclear surface must be increased. Assuming that for all nuclei the correct formation amplitude in the surface is proportional to the calculated microscopic formation amplitude, a constant renormalization factor is obtained. Calculated structural variations in the formation amplitude will then be preserved and the calculated α-decay widths may be compared to experimental data. Below we perform such an effective description of α-decay widths of all heavy, even-even near-spherical nuclei with measured decay widths. We also apply the method to predict decay widths for some α-decaying superheavy elements.
The decay widths are calculated using experimental Q α values from [28] . The formation amplitudes are matched to outgoing Coulomb wave functions in the nuclear surface at the touching radius r t defined by [12] 
with r 0 = 1.2 fm. The touching radius gives an approximate radius beyond which the α particle and daughter nucleus matter densities would be separated, which for
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Po is r t = 9.01 fm. At this radius the attractive forces between α and daughter are not completely negligible (cf. Fig. 1 ), but we find that the normalized decay widths depend weakly on r 0 .
For the nuclear structure calculation the SLy4 [30] Skyrme effective nucleon-nucleon potential is used in the particle-hole channel. The pairing is treated using the Lipkin-Nogami prescription. Both volume, β = 0, and surface, β = 1, pairing types are used [Eq. (1)]. The pairing strengths used are shown in Table I . Calculated odd-even gaps for several semimagic nuclei are compared to experiment in Fig. 8 . The experimental variation of the pair gap with particle number is found to be fairly well reproduced by both pairing recipes β = 0 and β = 1. Using this prescription the ground state to ground state α-decay widths are determined for all even-even α emitters included in the compilation of experimental data in [28] , and where the theoretical mass table of Möller and Nix [31] predicts a near-spherical ground state with quadrupole deformation parameter |β 2 | ≤ 0.1 for both mother and daughter nuclei. This amounts in total to 48 different α emitters.
The theoretical decay widths, Γ th = Γ(r t ), divided by the experimental widths, Γ exp , are shown in Fig. 9 . For the surface pairing type calculations all 48 near-spherical even-even α emitters are included, while
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U is missing from the volume pairing type calculation due to numerical convergence problems. For comparison predictions from a semi-empirical model are also shown. This model, Universal Decay Law (UDL) [32] , is based on the R-matrix expression (4) but the formation amplitude is parametrized with three free parameters fitted to data. Here we consider parameter set I, which is fitted to eveneven α-decay data. As seen in Fig. 9 , for the UDL the results for the ratio Γ th /Γ exp vary around a mean value close to 1. The microscopic models systematically produce too small decay widths, with slightly better agreement for the surface pairing. The variation around the mean trend is smaller for the microscopic models than the results from the UDL, especially around the N = 126 shell closure.
The logarithmic mean deviation, M, from experimental data,
and corresponding standard deviation σ, are given in Table II for each of the calculations. The theoretical results using volume or surface pairing underestimates the decay width by 3 to 4 orders of magnitude, but follow structural changes in the experimental data quite well. This can be seen by fairly small σ values, that are indeed smaller than those obtained with the UDL. The renormalized decay width is now introduced as and correspondingly for the reduced width
In Fig. 10 calculated renormalized reduced widths are compared to experimental data for isotope chains of Po (Z = 84), Rn (Z = 86) and Ra (Z = 88) nuclei. The experimental reduced widths show a smoothly decreasing trend as a function of neutron number towards the shell closure at 126. When crossing the shell gap, the experimental value increases by about an order of magnitude, after which there is a smoothly increasing trend. Comparing volume and surface pairing the smooth behavior in the open-shell regions is captured fairly well by both pairing models. However, surface pairing consistently captures the magnitude of the jump when crossing N = 126, as well as the trends in the data, better than the volume type pairing. While the UDL reproduces the correct mean value, it does not follow the fluctuations around the shell closure. Figure 11 shows the same quantities but for α emitters with neutron numbers 84 and 86. The main deviation from the experimental trend is that, for the N = 84 isotones, the microscopic results fail to capture the increased formation amplitude with decreasing Z. Here the best agreement with data is obtained from the UDL, suggesting small structural changes for the N = 84 isotones. We apply the same prescription to make predictions for the α decay of the predicted near-spherical superheavy elements with Z = 114, 126 and N = 180, 182, 184, 186. The microscopic results are obtained using surface pairing, β = 1, and renormalized using Eqs. (27) and (28) . The theoretical Q α values of Refs. [33, 34] are used. The predicted half-lives are shown in Table III . The corresponding reduced width amplitudes are shown in Fig. 12 . For the Z = 114 isotopes, the difference between the microscopic and semi-empirical reduced width is less than a factor 3, i.e., the microscopic model does not predict any dramatic structural effect that might lead to especially long lifetimes for these superheavy isotopes. The microscopic reduced widths increase by roughly a factor 2 when crossing the N = 184 gap, similar to the situation for N = 126, shown in Fig. 10 . The much shorter predicted half-life for 300 114 186 compared to 294−298 114 180−184 is due to the ∼ 1 MeV larger predicted Q α value for this nucleus, see Table III . Thus, for predictions of life-times, uncertainty in the predicted Q α values has a much larger effect than the difference in the reduced widths obtained from the semi-empirical and microscopic models.
Extrapolating further to the region around 310 126 184 , the results from the two models start to differ more. The N = 184 shell gap implies a cusp in the microscopically calculated reduced widths, while a smooth behavior is seen for the semi-empirical UDL. On the average, the reduced widths from the microscopic model are roughly a factor 20 smaller than the corresponding values from the UDL. This gives the order of magnitude longer halflives obtained from the microscopic calculation.
V. DISCUSSION
The calculated decay widths show that the decay rates are systematically under estimated when the HFB formation amplitudes are used. As with any process depending on tunneling through a Coulomb barrier, the asymptotics and thus the flow of particles are extremely sensitive to the decay energy. For heavy nuclei it is a difficult task to predict observables such as one-particle separation energies and resonances with sufficient accuracy for spectroscopy. One can then assume that for a more complicated process such as α-particle formation, the energy dependent tail of the formation amplitude will never be described with accuracy comparable to the uncertainties in the experimental measurement of decay energies, and that this problem will exist to some degree for even the most sophisticated model. To obtain quantitative agreement with data, some type of renormalization must be employed.
Here we have adopted the simple procedure consisting of using the experimental Q α value for the outgoing Coulomb wave function, combined with renormalizing the decay width by multiplying with one free parameter. The procedure includes a choice of matching radius, here chosen as the touching radius, as any mismatch in the slope of the microscopic formation amplitude compared to the Coulomb wave function produces an r c dependence of the R-matrix decay width.
Examples of other approaches to renormalize the formation amplitude can be found in the literature: In Ref. [35] , the properties of the single-particle basis were tuned as an effective prescription to reproduce the correct absolute value and slope of the formation amplitude. In Ref. [36] , in addition to the R-matrix expression for Γ(r c ), Eq. (4), a reaction theoretical prescription was used. In this prescription the formation amplitude, corrected for anti-symmetrization in the nuclear interior, was integrated giving a spectroscopic factor. The decay was then treated on the one-body level using a local optical model α-daughter potential which can be adjusted to produce the correct resonance energy.
In order to get an idea what could be improved in the present α-decay approach we list five additional effects that could be taken into account and try to estimate their influence:
1. Antisymmetrization: The exchange between the α particle and the daughter nucleus can only be neglected for large separations r. It is possible to modify the formation amplitude to take exchange effects into account [37, 38] . For small r this results in a large increase of the formation amplitude, while for large r the modified formation amplitude reduces to the g(r) used here. The value of r where g(r) starts to be a good approximation depends on the daughter and α-particle wave functions and thus varies from case to case. Both types of formation amplitudes where calculated for
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Po in [23, 36] . In [23] the correction amounted to an increase by a factor ≈ 2, and in [36] a factor ≈ 3 for the formation amplitude at r = 9 fm. Such a correction amounts to an increase by a factor of 4 or 9 respectively in the decay width.
Center-of-mass (c.m.) corrections:
In this article and in most previous studies the formation amplitudes are evaluated with shell-model wave functions instead of intrinsic states where the c.m. motion is separated out. The effect of correcting for the c.m. motion was studied in Ref. [23] . It is clear from the formulas presented in this reference that the correction is most important for light nuclei and will increase the absolute values of the formation amplitudes as well as stretching the formation amplitudes, it will thus move their maxima to larger radii in better agreement with experiment.
Exact Coulomb exchange:
In this work we take the direct part of the Coulomb interaction into account and treat the exchange part in a Slater approximation [40] . The asymptotic dependence of the Coulomb potential for a proton should be v (r) = e 2 (Z−1) r but becomes v (r) = e 2 Z r with the Slater approximation. Using exact Coulomb exchange will thus change the slope of the potential felt by the α particle and make it less bound in the calculations as well as increasing its magnitude somewhat. However, for a heavy system such as
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Po the error in the asymptotic Coulomb potential is a factor of ∼ 1.01, and we estimate that this will have a tiny effect on the results. 4. α-particle wave function: The simple form of the α-particle wave function used here is clearly a convenient approximation. One could consider more complicated forms obtained e.g. from the same nuclear structure model as used for the decaying nuclei. Although the present results are not very sensitive to the oscillator width taken for the α particle, the effect of having a more realistic wave function is difficult to estimate. Po, shell-model calculations, e.g., [13, 23, 36] show better agreement for the absolute decay width than the present work. However as far as we know all these pioneering results have been based on schematic interactions often directly fitted to the nucleus being studied. A more systematic investigation of these effects using a globally valid interaction would thus be very interesting.
VI. CONCLUSIONS
We have performed a detailed microscopic calculation of α-decay widths. The mother and daughter nuclei where self-consistently described applying Skyrme's effective interaction, and the decay widths were calculated in the R-matrix formulation. Our results demonstrate that it is possible to obtain converged formation amplitudes employing a large harmonic oscillator basis. In contrast to standard observables such as masses, radii and excitation energies, these formation amplitudes probe the amount of cluster components present in the nuclear wave functions in the surface region. The results give a deeper understanding of the properties of the wave functions and suggest that a Skyrme-HFB treatment in combination with the R-matrix method is insufficient in order to predict absolute values of the α-decay lifetimes. Although one should note that there are several extensions to the formalism which can be envisioned and which seem to go in the right direction of shortening the too long lifetimes predicted. An improved description was also obtained by modifying the pairing interaction to increase the correlations in the nuclear surface. It is however difficult to determine the physical contents of such a prescription. In general we found that the pairing force is unable to give sufficient correlations to provide α particle formation amplitudes agreeing with data.
It is interesting to see that using a constant factor to renormalize the results leads to a close agreement with experimental data which is on par with the results from purely semi-empirical formulas. This suggests that the missing effects, such as additional correlations needed to increase the probability of the α particle forming are in a first approximation proportional to the increase of the formation amplitudes obtained by including the pairing correlations. More work is needed in order to improve the model, for example by introducing more correlations, improvements in the decay formalism and/or treatments of continuum effects. The results presented here may then serve as a benchmark to evaluate the impact of such extended theories.
